We extend the even weight modular forms of modular invariant approach to general integral weight modular forms. We find that the modular forms of integral weights and level N can be arranged into irreducible representations of the homogeneous finite modular group Γ N which is the double covering of Γ N . The lowest weight 1 modular forms of level 3 are constructed in terms of Dedekind eta-function, and they transform as a doublet of Γ 3 ∼ = T . The modular forms of weights 2, 3, 4, 5 and 6 are presented.
Introduction
The standard Model (SM) is well established after the discovery of Higgs boson. The SM has been precisely tested by a great deal of experiments, and it turns out to be a successful theory of electroweak interactions up to TeV scale [1] . However, the SM can explain neither the mass hierarchies among quarks and lepton nor the observed drastically different patterns of quark and lepton flavor mixing. The origin of the flavor structure of the quarks and leptons is one of the most important challenges in particle physics. The most promising approach is to appeal to symmetry considerations. The non-abelian discrete flavor symmetry group has been widely explored to explain lepton mixing angles. Discrete flavor symmetry in combination with generalized CP symmetry can give rise to rather predictive models [2] [3] [4] [5] [6] [7] [8] [9] [10] , see [11] for a detailed list of references. In particular, the observed flavor mixing patterns of quark and lepton can be explained simultaneously by the same flavor symmetry group in combination with CP symmetry [12] [13] [14] . The flavor symmetry group is usually broken down to different subgroups in the neutrino and charged lepton sectors by the vacuum expectation values (VEVs) of a set of scalar flavon fields. The vacuum alignment results in certain lepton mixing pattern. However, additional dynamics of the flavor symmetry breaking sector together with certain shaping symmetry are generally needed to obtain the desired vacuum alignment. As a consequence, the resulting models look complicated in some sense. Moreover, the leading order predictions of usual discrete flavor symmetry models are generally subject to corrections from higher dimensional operators which involve multiple flavon insertions.
Recently a new approach of modular invariance as flavor symmetry was proposed to solve the flavor problem of SM [15] . It is notable that the flavon fields could not be needed and the flavor symmetry could be completely broken by the VEV of the modulus τ in the supersymmetric modular invariant models. The Yukawa couplings transform non-trivially under the finite modular group Γ N and they can be written in terms of modular forms which are function of τ with specific modular properties. The superpotential of the theory is strongly constrained by the modular invariance and the all higher dimensional operators in the superpotential are completely determined in the limit of unbroken supersymmetry. Thus the above mentioned drawback of the usual discrete flavor symmetry can be overcome in modular invariant models [15] .
The finite modular groups Γ N ≡ Γ/Γ(N ) for N ≤ 5 are isomorphic to permutation groups. The modular forms for modular groups Γ(2) [16] [17] [18] , Γ(3) [15, [19] [20] [21] [22] , Γ(4) [23, 24] and Γ(5) [25, 26] have been constructed in a variety of ways, and the related phenomenological predictions for neutrino mixing have all been discussed in the literature. The observed quark masses and CKM mixing matrix can be accommodated in modular invariant models [17, 21, 27] . A unification of quark and lepton flavors based on the modular symmetry could also be realized in the framework of SU (5) grand unified theory [18, 28] . Besides the applications in flavor problem of SM, the modular-invariance approach have been also applied to radiatively induced neutrino mass models [29, 30] and be exploited to construct dark matter model [30] . Moreover, the modular invariance has been extended to combine with generalized CP symmetry [31] such that the models can become more predictive. A formalism of multiple modular symmetries was developed in [32] .
So far only even modular forms are considered when constructing modular invariant models. In the present work, we shall extend the modular invariance approach to general integral weight modular forms, i.e., the odd weight modular forms would be included. We find that the basis vectors of the weight k modular space M k (Γ(N )) can be decomposed into different irreducible presentations of the homogeneous finite modular groups Γ N ≡ Γ/Γ(N ), while the frequently studied weight modular forms of even weights transform as irreducible representations of the inhomogeneous finite modular groups Γ N ≡ Γ/Γ(N ). Notice that Γ N is the double covering of Γ N , yet Γ N is not a subgroup of Γ N . Thus in order to study the odd weight modular forms, one need to consider the finite modular group Γ N instead of Γ N . The modular forms of level N can be constructed from the tensor products of the lowest weight 1 modular forms. For N = 3, Γ 3 is isomorphic to T which is the double cover group of Γ 3 ∼ = A 4 . We construct the modular forms of level 3 up to weight 6 in terms of the Dedekind eta-function. As an example of application of our results, we construct a phenomenologically viable model of neutrino masses and mixing based on Γ 3 ∼ = T . The rest of this paper is organized as follows. In section 2, we briefly review of the formalism of the supersymmetric modular invariant theory, and show that the modular forms of integral weight k and level N transform according to irreducible representations of Γ N . We show the lowest weight 1 modular forms transform in a doublet 2 of T in section 3, and modular forms of weight 2, 3, 4, 5, 6 are constructed from the tensor products of the weight 1 modular forms. In section 4, we build a modular invariant model with T symmetry, the weight 3 modular forms enter into the neutrino Yukawa couplings. Section 5 concludes the paper. We present the T group theory and the Clebsch-Gordan coefficients in Appendix A.
2 Modular symmetry and double covering of finite modular group
The full modular group SL(2, Z) is the group of 2-by-2 matrices with integral entries and determinant 1 [33, 34] ,
The modular group Γ is the linear fraction transformations of the upper half complex plane H = {τ ∈ C | Im τ > 0}, and it has the following form
Obviously γ and −γ lead to the same linear fractional transformation. Therefore the modular group Γ is isomorphic to the projective special linear group P SL(2, Z) = SL(2, Z)/{I, −I}, where I is the two-dimensional unit element. It is well-known that the modular groupΓ can be generated by two elements S and T [33]
which are represented by the following two by two matrices of SL(2, Z)
It is straightforward to check that the two generators satisfy the following relations
Since I and −I are indistinguishable in P SL(2, Z), the generators S and T of Γ satisfy the famous multiplication rules [33]
where 1 denotes the identity element of group. The principal congruence subgroup of level N for any positive integer N is the subgroup
which is a infinite normal subgroup of SL(2, Z). Obviously we have Γ(1) ∼ = SL(2, Z) which will be denoted as Γ for simplicity of notation in the following. We define Γ(N ) = Γ(N )/{I, −I} for N = 1, 2, while Γ(N ) = Γ(N ) for N > 2 because −I doesn't belong to Γ(N ). The quotient group Γ N ≡ Γ/Γ(N ) is the inhomogeneous finite modular groups. The group Γ N can be generated by two element S and T satisfying
We see that Γ 1 is a trivial group comprising only the identity element, Γ 2 is isomorphic to S 3 . Moreover, the isomorphisms Γ 3 ∼ = A 4 , Γ 4 ∼ = S 4 and Γ 5 ∼ = A 5 are fulfilled [35] . The finite modular group Γ N as flavor symmetry has been widely studied to explain neutrino mixing.
In the present work, we shall consider another series of finite group Γ N ≡ SL(2, Z)/Γ(N ) which is the double cover of Γ N . The group Γ N can be regarded as the group of two-by-two matrices with entries that are integers modulo N and determinant equal to one modulo N , and it is also called SL(2, Z N ) or homogeneous finite modular group in the literature [35, 36] . The double cover group Γ N can be obtained from Γ N by including another generator R which is related to −I ∈ SL(2, Z) and commutes with all elements of the SL(2, Z) group, such that the generators S, T and R of Γ N obey the following relations
It's well known that modular form f (τ ) of weight k and level N is a holomorphic function of the complex variable τ , and under Γ(N ) it should transform in the following way
where k ≥ 0 is an integer. The function f (τ ) is required to be holomorphic in H and at all the cusps. Obviously we have −I ∈ Γ(N ) for N = 1, 2, using the definition of modular form in Eq. (10) for γ = −I, we can obtain
Therefore Γ(1) and Γ(2) don't have non-vanishing modular forms with odd weight. However, the group Γ(N ) for N > 2 have non-vanishing modular forms with odd weight because −I / ∈ Γ(N > 2) and the condition in Eq. (11) is not necessary. The modular forms of weight k and level N form a linear space M k (Γ(N )), and its dimension is [33, 37] ,
Notice that there is no general dimension formula for weight one modular form, but Eq. (12b) is still applicable to the case of N < 6. The linear space M k (Γ(N )) of the modular form has been constructed explicitly [37] . We list the dimension of M k (Γ(N )) and the orders of Γ N and Γ N for 2 ≤ N ≤ 5 in table 1.
Only modular forms of even weights have been used to build models of quark and lepton flavors so far, we shall extend the formalism of modular invariance to general integral modular forms in the following. Table 1 : The dimension formula dimM k (Γ(N )) for 2 ≤ N ≤ 5, and the order of Γ N and Γ N . Notice that Γ 3 is isomorphic to the T group, we denote Γ 4 and Γ 5 as S 4 and A 5 respectively. The group ID of T , S 4 and A 5 in the computer algebra program GAP [38] are [24, 3] , [48, 30] and [120, 5] respectively.
Transformation of integral weight modular forms under Γ N
It has been shown that the modular forms of even weight 2k and level N can be decomposed into different irreducible representations of Γ N up to the factor (cτ + d) 2k in [15] . In this section, we shall show that the modular form f i (τ ) of Γ(N ) for N ≥ 2 with integral weight k (odd or even) can be arranged into the irreducible representations of the quotient group Γ N ≡ Γ/Γ(N ). Let's start by defining the so-called automorphy factor [34] :
Then the definition of weight k modular forms f i (τ ) of Γ(N ) in Eq. (10) can be rewritten as
After straightforward calculation, it's easy to show that J k (h, τ ) satisfies the following properties
In the following, we shall use the notations γ and h to represent a generic element of Γ and Γ(N ) respectively, i.e.,γ ∈ Γ, h ∈ Γ(N ). We denote a multiplet of linearly independent modular forms f (τ )
, and define the function
From Eq. (16), we observe that the holomorphic functions F γ (τ ) are actually modular forms of Γ(N ) with weight k. Therefore F γ (τ ) can be written as linear combinations of f i (τ ), i.e.
which implies
Notice that the linear combination matrix ρ(γ) in Eq. (17) only depends on the modular transformation γ. Using Eq. (18), we can obtain
and
Comparing Eq. (19) with Eq. (20), we arrive at the following result,
From Eq. (18) and the definition of modular from in Eq. (14), we know
which leads to
We conclude that ρ(h) = 1 for any h ∈ Γ(N ). Moreover, because the generators S and T have the following properties
consequently we have
From Eqs. (21, 23, 25) , we see that ρ essentially is a linear representation of the quotient group Γ N ≡ Γ/Γ(N ). Generally speaking the representation ρ is reducible, by Maschke's theorem [39] , each reducible representation of a finite group is completely reducible and it can be decomposed into a direct sum of irreducible unitary representations. As a consequence, by properly choosing basis, ρ can be written into a block diagonal form,
where ρ r i denotes an irreducible unitary representation of Γ N . In summary, for a given modular forms space M k (Γ(N )), its modular forms can always be organized into some modular multiplets which transform as irreducible unitarity representations r i of the double covered modular group Γ N . Namely we can find a basis such that a multiplet of modular forms f r (τ ) ≡ (f 1 (τ ), f 2 (τ ), . . . ) T satisfy the following equation
In particular, we have
In practice, we can find the explicit form f r by solving Eq. (28), as shown in section 3. Let us now consider two linear fraction transformations γ and S 2 γ, where γ is representative of an element in Γ N . Although γ and S 2 γ are different elements of SL(2, Z), they induce the same linear fraction transformation γτ = S 2 γτ . Using Eq. (27) for γ and S 2 γ, we can obtain
which yields
Therefore the representation matrix of R = S 2 fulfills
Therefore R is represented by a unit matrix in the linear space of even weight modular forms, the modular forms of even weight and level N essentially transform in representations of the projective finite modular group Γ N fulfilling ρ
For odd weight modular forms, R is represented by a negative unit matrix, the modular forms of odd weight and level N can be arranged into irreducible representations of Γ N which is the double covering of Γ N .
Modular invariant supersymmetic theory
In this section,we shall briefly review the framework of the modular invariant supersymmetric theory. We shall extend the Yukawa couplings as even weight modular forms in previous work to general integral weight modular forms, and the finite modular group Γ N would be promoted to its doble covering group Γ N . Considering the N = 1 global supersymmetry, the most general form of the action reads
where K(Φ I ,Φ I ; τ,τ ) is the Kähler potential, and W (Φ I , τ ) is the superpotential. Φ I is a set of chiral supermultiplets, and it transforms in a representation ρ I of the quotient group Γ N with a weight −k I ,
where ρ I (γ) is the unitarity representation matrix of the element γ and k I is a generic integer. The requirement that the action S is invariant under the modular transformation of Eq. (33) entails that the Kähler potential should be invariant up to a Kähler transformation,
An example of Kähler potential invariant under Eq. (33) up to Kähler transformations is of the following form,
where h is a real positive constant. After the modulus τ gets a vacuum expectation value (VEV), the above Kähler potential gives rise to the following kinetic term for the scalar components φ I of the supermultiplets Φ I and the modulus field τ ,
The kinetic term of φ I can be made canonical by rescaling the fields φ I , and it amounts to a redefinition of the superpotential parameters in a concrete model. The invariance of the action S under Eq. (33) requires that the superpotential W (Φ I , τ ) should be invariant singlet of the homogeneous finite modular group Γ N , and the total weight of W (Φ I , τ ) should be vanishing. We can expand W (Φ I , τ ) in power series of the supermultiplets Φ I ,
In order to ensure invariance of W (Φ I , τ ) under the modular transformation in Eq. (33), the function Y I 1 ...In (τ ) must transform in the following way,
with
Here ρ r Y is an irreducible representation of Γ N , and k Y is a generic integer. Previous work on modular invariance focuses on even weight modular forms such that k Y is assumed to be an even integer. As an example, we shall construct the modular forms of level N = 3 up to weight 6 in the following. All the integral weight modular forms can be constructed through the tensor products of lowest weight 1 modular forms.
3 Constructing integral weight modular forms of level N = 3
The modular forms of weight k and level N = 3 expands a linear space M k (Γ(3)), and the dimension of M k (Γ(3)) is k + 1. For the lowest nontrivial weight k = 1, the dimension is equal to 2. The whole modular space M k (Γ(3)) can be constructed from the Dedekind etafunction. The Dedekind eta-function η(τ ) was introduced by Dedekind in 1877 and is defined over the upper half complex plane H = {τ ∈ C | Im τ > 0} by the equation [33, 34, 40] ,
The η(τ ) function can also written into the following infinite series,
Under the S and T transformations, η(τ ) behaves as [33, 34, 40] η(τ + 1) = e iπ/12 η(τ ),
Consequently η 24 (τ ) is a modular form of weight 12.
3
We can see that the dimension of M k (Γ(3)) is k + 1. For the lowest nontrivial weight 1 modular forms, we can take the basis vectors to bê
The above basis vectorsê 1 andê 2 are linearly independent, and any modular forms of weight 1 and level N = 3 can be expressed as a linear combination ofê 1 andê 2 . Under the action of the generator T ,ê i (i = 1, 2) transform aŝ
Similarly we find the following transformation properties under another generator Ŝ e 1 (τ )
As shown in section 2, we can always find a basis in M k (Γ(N )) such that a multiplet of modular form f r (τ ) ≡ (f 1 (τ ), f 2 (τ ), . . . ) T of weight k transform in a irreducible representation r of Γ N . For the modular forms of weight 1 and level 3, we can start fromê 1 andê 2 to construct a modular multiplet Y 
It is straightforward to check that Y
2 (τ ) transforms under S and T as follows
where the representation matrices ρ 2 (S) and ρ 2 (T ) are given in There are two ways to construct the higher weight modular forms which can decomposed into different irreducible representations of T . The first way is to follow the same approach as we have constructed the weight 1 modular forms from the original basis of Eq. (43), the higher weight modular forms can be found by solving equations of Eq. (28). The second way is by the tensor products of lower weight modular forms, and the Clebsch-Gordan coefficients of T in Appendix A are needed. The two methods are actually equivalent, but in practice, the latter is obviously much easier. Thus we will take the second method in the following.
The weight 2 modular forms can be generated from the tensor products of Y
2 . The T contraction rule 2 ⊗ 2 = 3 ⊕ 1 and they can be arranged into different T irreducible representations as well:
There are only three linearly independent weight 2 modular forms which can be arranged into a T triplet 3. This is consistent with fact that the modular space M 2 (Γ(3)) has dimension 3. From Eq. (49), we can obtain the q-expansion of Y
as follows, 
It coincides with the q-expansion of the weight 2 modular forms of Γ (3) in Ref. [15] up to an overall constant e iπ/6 /9. Moreover, we can easily see that the constraint Y (2)2 2
= 0 is fulfilled in our approach.
Next we can construct the weight 3 modular forms from the tensor products of weight 1 and weight 2 modular forms. Using the Clebsch-Gordan coefficients for the contraction 2 ⊗ 3 = 2 ⊕ 2 ⊕ 2 , we obtain
Therefore the weight 3 modular forms can be arranged into two doublets 2 and 2 of T . In the same fashion, we can construct the weight 4, weight 5, and weight 6 modular forms of Γ(3) in turn. Although there are different possible ways to construct tensor products, e.g weight 4 modular forms can be constructed from not only the tensor products of weight 1 and weight 3 modular forms but also the tensor products of two weight 2 modular forms, the final results must be identical up to irrelevant overall factors. The involved algebraic calculations are straightforward although a bit tedious, we just give the nonvanishing and independent modular forms of Γ(3) with weights 4, 5 and 6 in following:
Notice that Y (4)
3,I . The weight 5 modular forms can be decomposed into three T two-dimensional irreducible representations 2, 2 and 2 as follows,
There are another two possible tensor products of weight 5,
However they are parallel to Y 
2 ,I are fulfilled. Finally we give the weight 6 modular forms of level 3,
Notice that Y
3,I , and Y
3,II . We can easily verify that the number of non-vanishing independent modular forms are satisfy the dimension relation Eq. (26) for each integral weight. Moreover, we observe that the modular forms of odd weights transform as two-dimensional representations 2, 2 and 2 of T , and the modular forms of even weights transform according to the T representations 3, 1, 1 and 1 which are identical with the representations of A 4 in our basis. In comparison with A 4 modular flavor symmetry, the odd weight modular forms provide new opportunity for model building. We shall built an example model in which the modular forms are involved in next section.
A benchmark model with Γ 3 ∼ = T modular symmetry
In order to show how the odd weight modular form may play a role in determining lepton masses and flavor mixing, we shall build a modular invariant flavor model with the Γ 3 ∼ = T symmetry. We assign the three generations of the left-handed lepton doublet L to T triplet 3, while the three right-handed charged lepton e c , µ c and τ c transform as 1, 1 and 1 respectively. The neutrino masses are generated from the type-I seesaw mechanism and we only introduce two right-handed neutrinos N c which are embedded into a T doublet 2. We adopt a supersymmetric context, the two Higgs doublets H u,d are invariant under T . We assume that the modular weights of L and N c are 2 and 1 respectively, while the right-handed charged leptons e c , µ c , τ c and the Higgs doublet H u,d are of zero weight. The (1) Y (1, 0) (1, 1) (1, 1) (1, 1) (2, −1/2) (2, 1/2) symmetry assignments to the minimal supersymmetric Standard Model (MSSM) fields as well as right-handed neutrinos are summarized in table 2.
In our setting, the modular invariant superpotentials for charged lepton sector and neutrino masses can be written as
where α, β, γ, g 1 and g 2 are general complex constants, and Λ denotes the cutoff scale of the model. Notice that weight 3 modular forms enter into the model through the neutrino Yukawa coupling terms while only even weight modular forms are used. After electroweak symmetry breaking, the superpotential W e leads to the following charged lepton mass matrix
where
The phases of the parameters α, β and γ can be absorbed into the righthanded charged lepton fields such that they can be taken to be real without loss of generality. Tye values of α, β and γ are fixed by the charged lepton masses m e , m µ and m τ for given modulus τ . Using the Clebsch-Gordan coefficients of T in Appendix A, we can read off from Eq. (58) the modular invariant Dirac neutrino mass matrix and the right-handed Majorana neutrino mass matrix,
with v u = H 0 u . The effective light neutrino mass matrix given by the type-I seesaw formula,
We see that the light neutrino mass matrix M ν only depends on one complex parameters g 2 /g 1 and the modulus τ besides the overall factor g 2 1 v 2 u /Λ which controls the absolute scale of neutrino masses. The vacuum expectation value of the modulus τ is the only source of flavor symmetry breaking in modular invariance theory. We treat τ as free parameter in the upper complex plane, and a comprehensive numerical scan over the input parameters is performed. We find that good agreement with experimental data can be achieved for inverted ordering neutrino mass spectrum at the point, τ = −0.3998 + 1.1688i , β/α = 3435.14 , γ/α = 200.128 , g 2 /g 1 = 1.625 + 0.084i , g We see that the lightest neutrino is massless m 3 = 0 since two right-handed neutrinos are introduced in the model. As a consequence, the Majorana phses α 31 is unphysical. It is remarkable that all the three lepton mixing angles and neutrino mass squared differences are in the experimentally preferred 1σ range [41] . The Dirac CP phase is predicted to be δ CP = 1.313π which falls in the 3σ allowed region [41] . We can infer from Eq. (63) that the sum of neutrino masses is i m i = 0.099 eV which is compatible with the latest Planck result on neutrino mass sum i m i < 0.12 eV − 0.54 eV at 95/% confidence level [42] . Furthermore, the effective Majorana mass |m ee | of neutrinoless double decay is determined to be |m ee | = 0.0252 eV, it is testable in future experiments of neutrinoless double beta decay.
Conclusion
In the modular symmetry approach to neutrino masses and mixing [15] , only even weight modular forms are considered in the literature at present. In this paper, we have extended the framework of modular invariance to include odd weight modular forms. We show that one can always find a basis such that the multiplets of integral weight modular form of level N transform according to different irreducible representations of the homogeneous finite modular group Γ N ≡ Γ/Γ(N ), while the frequently studied weight modular forms of even weights can be decomposed into irreducible representations of the inhomogeneous finite modular groups Γ N ≡ Γ/Γ(N ) [15] . Notice that Γ N is the double covering of Γ N , it has twice as many elements as Γ N , but Γ N is not a subgroup of Γ N . Therefore to study the contribution of the odd weight modular forms, one should consider the finite modular group Γ N instead of Γ N as flavor symmetry. The multiplets of higher weight modular forms can be constructed from the tensor products of the lowest non-trivial weight 1 modular forms.
As a demonstration example, we have studied the modular symmetry Γ 3 ∼ = T which is the double covering group of Γ 3 ∼ = A 4 . Apart from the three singlet representations 1, 1 , 1 and a triplet representation 3 which are in common with these of A 4 , the T group has three faithful independent doublets 2, 2 , 2 . The weight 1 modular forms of level 3 form a linear space M 1 (Γ(3)) of dimension 2, and they can be arranged into a doublet 2 of T . We construct the multiplets of modular forms of weights 2, 3, 4, 5 and 6 from the tensor products of the weight 1 modular forms. It is remarkable that the odd weight modular forms transform in the two-dimensional irreducible representations 2, 2 , 2 while the modular forms of even weight decompose as singlets and triplet under T . Moreover, we see that the weights 2, 4, 6 modular form are exactly identical with those of [15] up to irrelevant overall factors, the constraint satisfied by the weight 2 modular forms is quite obvious in our formalism. As a result, T is indistinguishable from A 4 if one works with even weight modular forms of level 3.
Finally we build a modular invariant model with T flavor symmetry. The neutrino masses are generated through the type I seesaw mechanism, and only two right-hand neutrinos are introduced and they are assigned to a T doublet. The structure of the model is rather simple, the superpotential is given in Eqs. (57, 58), and the weight 3 modular forms are involved in the neutrino Yukawa couplings. The resulting neutrino and charged lepton mass matrices only depend on six free real parameters, the charged lepton masses and neutrino oscillation data can be accommodated very well, and the neutrino mass spectrum is determined to be inverted ordering.
It turns out that the doublet plus singlet assignment for the quark fields is more suitable to reproduce the hierarchial quark masses and mixing patterns [43] [44] [45] [46] [47] [48] . It is appealing to extend the T modular symmetry to the quark sector, thus give a unified description of both quark and lepton mass hierarchies and flavor mixing. The odd weight modular forms provide new opportunity for building modular invariant models, it is worth further studying possible applications of the odd weight modular forms in understanding the flavor puzzle of SM. It is interesting to discuss other finite modular groups such as Γ 4 and Γ 5 and their phenomenological predictions for lepton masses and flavor mixing parameters. The Kronecker products between various irreducible representations of T are as follows:
where a, b = 0, ±1 and we have denoted 1 ≡ 1 0 , 1 ≡ 1 1 , 1 ≡ 1 −1 for singlet representations and 2 ≡ 2 0 , 2 ≡ 2 1 , 2 ≡ 2 −1 for the doublet representations. We summarize the ClebschGordan coefficients for the decomposition of product representations in our basis in table 4. We use α i to denote the elements of the first representation, β i to indicate these of the second representation of the product. The Kronecker products and Clebsch-Gordan coefficients of the T group. The tensor product of two irreducible representations R 1 and R 2 is reported in the form of R 1 ⊗ R 2 . The elements of R 1 and R 2 are labeled as α i and β i respectively.
